Most of the important clinical indices of blood flow are estimated from the spectrograms of Doppler ultrasound (US) signals. Any noise may degrade the readability of the spectrogram and the precision of the clinical indices, so the spectral enhancement plays an important role in Doppler US signal processing. A new Doppler US spectral enhancement method is proposed in this paper, and implemented in three main steps: first, the Gabor transform is used to compute the Gabor coefficients of a Doppler US signal; second, the spectral subtraction is performed on the magnitude of the Gabor coefficients; finally, the Gabor expansion with the spectral subtracted Gabor coefficients is 
I. INTRODUCTION Doppler ultrasound (US) technique has been extensively applied in clinical diagnoses of vascular diseases for
its noninvasive advantage [1] . With the bridge of the Doppler effect, the Doppler frequency shift can be linearly mapped into the blood flow velocity in vessels. Most of Doppler US signal analysis methods are based on the spectral analysis with the short-time Fourier transform (STFT) [2] . The square magnitude of STFT coefficients, the so-called [7] . Like many other biomedical signals, the weak Doppler US signal, generated by the acoustic scattering from small blood cells, is often contaminated by heavy noise. Thus, it's an essential step to denoise Doppler US signals.
Due to the non-stationarity of Doppler US signals, the soft-thresholding algorithm, together with the orthogonal wavelet analysis and the wavelet frame analysis, has been implemented to denoise real Doppler US signals from unidirectional blood flow [8] [9] . The wavelet frame based method was further extended to denoise quadrature (complex) Doppler US signals from bidirectional blood flow [10] . Compared with the traditional methods based on the optimization of mean square error (MSE), such as the adaptive filtering [11] , the wavelet denoising method shows superior performance. However, in the wavelet denoising, the noise level is often estimated from the wavelet coefficients at the first decomposition level, which is based on the assumption that there is few Doppler US signal with frequencies higher than a quarter of the sampling rate. Thus, a relative high sampling rate has to be applied in real applications. When there is some narrow-band noise with high frequencies, such as the noise from the circuit self-oscillation, the thresholding operation may remove almost all blood flow information in the corresponding frequency bands. In other words, the poor frequency resolution at fine scales of wavelets makes it impossible to perform the colorful noise reduction. Another important restriction is that the recent wavelet decomposition is implemented on a block of data with certain border extension. In real time applications, it will introduce a large time delay and some discontinuity at the joint of blocks.
It's well known that the Doppler US signals from arterial blood flow can be considered to be stationary within a small time window (2-40 ms) [1] . Compared with other joint time-frequency analysis methods, the efficient software or hardware implementation of fast Fourier transform (FFT) and the online processing capability make the STFT be yet the most practical method in commercial Doppler US systems or academic research. We will reconsider the spectral enhancement based on the short-time Fourier analysis in this study. The spectral subtraction has been successfully applied to speech signal enhancement since 1970's [12] [13][14] [15] . The main idea of the spectral subtraction method is to shrink the magnitude of STFT coefficients toward zero and keep the phase unchanged.
The perceptual unimportance of phase in speech signal processing has ensured the effectiveness of the magnitude subtraction [14] [16] . It's well admitted that phases of Doppler US signals from a great number of blood cells can be properly approximated by a random variable with uniform distribution [17] [18] . That's also the reason why the Doppler US signal processing only concerns the magnitude or the square magnitude of STFT coefficients. So it's natural to migrate the spectral subtraction from the speech enhancement to the Doppler US spectral enhancement.
After the spectral subtraction is performed on the STFT coefficients, the inverse STFT is applied to the spectral subtracted coefficients to reconstruct the noise-suppressed signal. However, not all STFTs have the perfect reconstruction counterpart. The easiest way to implement such dual operations is the STFT with rectangular window and zero overlapping. The inverse FFT computes each block of data, which is concatenated to obtain the reconstructed signal. It's well known the rectangular window has almost the worst joint time-frequency resolution among the windows in common use: no smooth attenuation in time and low side-lobe attenuation in frequency [19] . So it's seldom used in real spectral enhancement. The STFT with Hanning window and 50% overlapping was first applied to real speech signal enhancement [13] . The Hanning window with better time and frequency resolutions concentrates the real signal components in a relative narrow time and frequency range, and obtains a higher local signal-to-noise-ratio (SNR) in joint time-frequency domain [19] . It's much easier to subtract noise components from Doppler US signal components. The inverse FFT is applied to the spectral subtracted coefficients and computes each block of data. The blocks are summed with 50% overlapping. Then the denoised signal is reconstructed.
If the STFT has the perfect reconstruction counterpart, it is often referred to the Gabor 2) Apply the spectral subtraction to the magnitude of the Gabor coefficients.
3) Reconstruct the denoised Doppler US signal from the spectral subtracted magnitude and the unchanged phase of the Gabor coefficients by computing the Gabor expansion.
The basic concepts and principles of the denoising algorithm are explained detailedly in the following sections.
A. Gabor transform and expansion
In 1946, Dennis Gabor suggested representing a signal in two dimensions, with time and frequency as coordinates [20] . For a signal s(t), the Gabor expansion is defined as [19] : (1) where T and Ω denote the time and frequency sampling intervals, and the sampling cell T Ω must be small enough to satisfy T Ω ≤ 2π. The function h(t) is called synthesis window. The coefficients c m,n are the so-called Gabor coefficients, which are computed by the Gabor transform or the sampled STFT [19] :
where the function γ(t) is called analysis window, and is a dual function of the synthesis window h(t). The dual functions must satisfy the Wexler-Raz identity condition [19] :
which is used to numerically solve the dual function for a pre-defined window function.
For a digital signal s[k]
with period L, the periodic discrete Gabor expansion is defined by [19] s
where ∆M and ∆N denote the discrete time and frequency sampling intervals, and usually require
The Gabor coefficients are computed by the periodic discrete Gabor transform as
where the signal, the analysis window and the synthesis window have the same period L. With a minor revision, the periodic discrete Gabor expansion is extended to the discrete Gabor expansion [19] [21].
The oversampling rate is often used to characterize the redundancy of the Gabor transform, and defined by the ratio between the number of Gabor coefficients and the number of distinct samples [19] :
When a = 1, it's called critical sampling, and oversampling for a > 1. For a stable reconstruction, the oversampling rate must be not less than one, which is corresponding to the condition T Ω ≤ 2π in the continuous time domain. For the critical sampling case, the dual function h[k] is unique for a pre-defined window γ [k] . However, when the oversampling rate is greater than one, there usually exist multiple synthesis windows for a pre-defined analysis window. For example, the Hanning window is widely applied in spectral analysis and spectral subtraction because of its good time-frequency concentration and smooth transition at borders. Any signal can be always mapped into a 2D function c m,n by the Gabor transform, but this is not always the case for the inverse transform [19] . In other words, given an arbitrary function c m,n , there may be no such signal whose Gabor coefficients are equal to c m,n . The orthogonal-like Gabor expansion was proposed by Qian, and used to estimate the signal whose Gabor coefficients have the least mean square error (LMSE) to the desired function c m,n [21] [22] . The spectral subtraction is a nonlinear operation. Usually no signal has the same Gabor coefficients as the spectral subtracted coefficients. But we can use the orthogonal-like Gabor expansion to estimate a signal that has the Gabor coefficients very close to the desired coefficients after spectral subtraction.
In the orthogonal-like Gabor expansion, the synthesis window has the minimum distance to the analysis window used in the Gabor transform. The synthesis windows for the orthogonal-like Gabor expansion are shown in solid lines in Fig.2 . Notice that the synthesis window for the orthogonal-like Gabor expansion is close to the analysis window at oversampling rate 2. While the oversampling rate increases to 4, the synthesis window is almost same as the analysis window.
B. Spectral subtraction
The 
Since the Gabor transform is a linear transform, the corresponding Gabor coefficients can be written as
where cx m,n , cs m,n and ce m,n are the Gabor coefficients of the noisy signal, the noise-free signal and the noise, respectively. Thus, when the Gabor coefficients from noise ce m,n are available, the noise-free coefficients can be recovered by subtracting ce m,n from cx m,n at any frequency channel n and time grid m. However, the noise is random, which generates the complex Gabor coefficients with random magnitudes and phases. It's impossible to obtain a precise estimation of the complex Gabor coefficients for noise. As we know, the random noise is often characterized by its power spectrum or the square magnitude spectrum. Thus, the traditional spectral subtraction method is realized using the following phase-blind thresholding (for a generalized parametric formulation, please refer to [15] ):
where α is a gain factor to rescale the threshold and compromise between the maximum noise suppression and the minimum loss of Doppler US signals. The soft-thresholding-like operation can be performed on the magnitude of Gabor coefficients. The magnitude higher than the threshold is shrunk toward zero, while the others are set zeros.
After this thresholding operation, there may left some noise components with reduced amplitude. The residual noise only exists at some isolated time-frequency regions, and is no longer white.
Thenthenoise-suppressedGaborcoefficient isobtainedas
where Φ(cx m,n ) is the phase of the coefficient cx m,n .
The spectral subtraction task mainly includes the following steps:
1) Compute the mean magnitude spectrum (MMS) of a noisy Doppler US signal by averaging the magnitude of the Gabor coefficients over time. Here, the median operator is used as a robust estimator.
2) Clip the MMS of the noisy Doppler US signal with certain threshold. The noise is prominent at high frequencies when the PRF is properly high, while the Doppler US signal is mainly distributed at low frequencies. So the MMS of the noisy signal can be divided into two segments: the segment over certain frequency is dominated by the noise power and usually has low power level, while the segment at small frequencies is a summation of noise and signal and has high power level. The mean of the MMS of the noisy March 8, 2005 DRAFT signal is empirically used as a threshold to separate the pure noise segment and the summation segment.
Then, the MMS of the noisy signal is clipped with this threshold. The threshold is regarded as an estimate of the noise level at the summation segment. The clipped MMS is an estimate of the MMS of the noise.
3) Apply a gain factor to the MMS of the noise to make compromise between noise suppression and Doppler US signal degradation. Without loss of generality, the noise in Doppler US signals has a Gaussian distribution, so the magnitude of the Gabor coefficients of such random noise is of Rayleigh distribution. According to the probability function of the Rayleigh distribution, the MMS of the noise ensures suppressing 50% noise coefficients because the MMS is estimated by the median operator. When the gain factor increases, more noise coefficients are suppressed by the spectral subtraction, but more low-amplitude Doppler US signal coefficients are also suppressed. So a compromised gain factor should be chosen from experiments with different gain
factors. The gain factors tested in this paper are 1, 1.15, 1.32, 1.52, 1.82, 2.08. They are corresponding to the suppression percentages 60%, 70%, 80%, 90% and 95%, respectively [23] .
4) Subtract the rescaled noise spectrum from the magnitude of the Gabor coefficients, and keep the phase of the Gabor coefficients unchanged.
III. SIMULATION AND CLINICAL EXPERIMENTS

A. Simulation study
To examine the effectiveness of the new denoising method, the simulation study has been carried out on the The Doppler US signal from an elementary sub-volume can be presented as
where A i and φ i represent, respectively, the random magnitude and the initial phase of the signal from the i-th sub-volume; k is the modulus of the mid-beam wave vector; θ is the angle between the wave vector and the direction of movement; (x i (t), y i (t), z i (t)) is the location of the sub-volume, and
where the flow velocity V i (t) from any fixed reference time t r can be computed using the Wormersley theory [30] ; The Doppler US signal from the complete sample volume is simply the summation of signals from all subvolumes:
The radius of the femoral artery in the simulation experiments is 5 mm. The standard deviation of spherical Gaussian function is defined as the radius of sample volume in this simulation. The Doppler US signals are simulated from the sample volumes with radiuses 1 mm and 4 mm centered at the arterial axis. The sampling rate is 12.8 kHz. Fig.3 shows the real parts of the simulated Doppler US signals and the corresponding spectrograms.
B. Clinical study
The clinical Doppler US signals from umbilical arteries were recorded from ATL UltraMark 9 HDI (Advanced Technology Laboratories) in the Ultrasound Imaging Office at Shanghai Obstetrics and Gynecology Hospital. The sampling rate is 8 kHz. The oversampling rate of the Gabor transform is 8 and the window length is 16 ms. The gain factor is 1.82. The overall enhancement of the spectrograms are investigated by computing the STFT with a 16-ms Hanning window and 14-ms overlapping.
IV. EXPERIMENTAL RESULTS
A. Simulation results
1) Oversampling rate:
The oversampling rate is an important parameter in the Gabor transform and expansion, which controls the freedom for choosing the dual window function, as well as the computational complexity. To Note that the optimal gain factor is influenced by the spectral properties of the source Doppler US signal. By neglecting the intrinsic spectral broadening effect, it can be observed that the Doppler US signal from a small sample volume generates a narrow-band spectrogram, which has a high local SNR in joint time-frequency domain.
Thus, a relative high gain factor suppresses most noise components, but do little harm to the real signal components.
However, the high gain factor may suppress comparable number of noise components and real signal components in the Doppler US signal from a large sample volume, which generates a wide-band spectrogram. In this experiment, we can choose the gain factor 1.82 and 1.52 for the Doppler US signals from the small sample volume and the large sample volume, respectively. The SNR improvement corresponding to the optimal thresholds is shown in Fig.6 . Again, the Gabor method shows the best SNR improvement among these three methods. To visualize the detailed difference between these methods, Fig.8 shows the instantaneous power spectra at 75 ms. The spectra after denoising show low noise level.
The STFT method has the rectangular analysis and synthesis windows, so the Gabor expansion reconstruct a signal whose Gabor coefficients have the LMSE to the spectral subtracted Gabor coefficients. However, the poor spectral leakage of the rectangular window may distribute the power of the Doppler US signal over a wide frequency range. It is much possible to remove the signal components together with the noise components. Thus, the STFT method shows the poorest performance among these three methods.
The Hann-STFT method computes the Gabor coefficients with good joint time-frequency resolution, so it's easier to separate the signal and noise components in joint time-frequency domain than the STFT method. We can get a set of well noise-suppressed Gabor coefficients. However, the following Gabor expansion with rectangular window is not an orthogonal-like expansion. Or in other words, the Gabor coefficients of the reconstructed Doppler US signal may be much different from the spectral subtracted coefficients. Thus, the Hann-STFT method may result in a distorted Doppler US signal. Furthermore, the rectangular synthesis window may introduce some discontinuity at borders of each expansion block. These discontinuous points act as some wide-band noise and increase the noise level in the resulting spectrogram.
In the Gabor method, the Gabor transform with Hanning analysis window ensures a well separation between Doppler US signal and noise, while the orthogonal-like Gabor expansion results in a "noise-free" signal whose Gabor coefficients have the minimum distance to the spectral subtracted coefficients. Therefore, the Gabor method can obtain the best denoising performance.
B. Clinical results
Although it's usually impossible to estimate the SNR improvement for clinical Doppler US signals, the overall enhancement of spectrograms can be used to investigate the performance of the noise reduction. The consistent results are obtained in the clinical experiments. The results of one clinical Doppler US signal are shown in Fig.9 and 10.
Notice that from the spectrogram of the noisy Doppler US signal, there may be a low-pass filter with cut-off frequency 2 kHz in this system. There is also some harmonic noise at around 3.5 kHz. The results show that the Gabor method obtains the best performance for suppressing these two kind of noise. It's also easy to notice the wideband noise generated by the discontinuity from the Gabor expansion with rectangular window. The discontinuity obviously increases the noise level, especially at high frequencies. The spectral subtraction has been successfully applied to real-time speech signal enhancement. The new Doppler US signal denoising method has almost same computational complexity as the traditional method. The only additional load is from the synthesis window. In the Gabor method, the synthesis window is used to re-weight the inverse FFT output. But the computational complexity of windowing is almost neglectable compared with the FFT and inverse FFT computation. The computational complexity of the denoising algorithm is mainly determined by the oversampling rate. According to the experimental study, an oversampling rate 4 or 8 may be suitable for real applications without introducing overwhelming computational complexity.
When the noise is slowly time-varying, the MMS of noise can be also easily adapted block-by-block as in the speech signal processing. Together with the intrinsic adjustability for real and complex signals, the spectral subtraction with the Gabor transform and the orthogonal-like Gabor expansion can be a practical real-time method for denoising real or quadrature Doppler US signals in commercial Doppler US systems or personal computers.
